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Introduction to Motion Planning

Robots have been around us early on. A robot can be an electro-
mechanical or a virtual agent. One of early examples includes a
water-powered clock tower developed in 1088 at China (Fig. 1.1).
Since the industrial revolution, modern concepts on robots have been
introduced thanks to various mechanical components powered by
steams, fossil fuels, and electricity. Recent robots come in a variety
of different types including industrial robots, humanoids, medical
robots, vacuum cleaner, self-driving cars, etc.

Early robots are commonly controlled by humans or designed to
follow a series of predetermined steps. Recent robots, however, have
complex mechanical structures and are designed to conduct various
types of jobs. As a result, maneuvering them manually is getting
harder and harder. This cries for automatic ways of controlling them,
and various motion planning with different levels of automation
levels have been designed.

Demands for robots are clearly getting bigger and bigger for
higher productivity and human convenience. On top of that, various
technology advances turn previously impossible jobs for robots to
doable tasks that can be done automatically by robots. An example
is driving. Many people and researchers have been considered driv-
ing to be a difficult task for robots, but thanks to developments of
artificial intelligence, it becomes possible ones for robots nowadays.

In this book, we will consider classic motion planning methods
developed early on for controlling robots and discuss recent trends
that are useful for future robots.

YOON: We need to talk about relationship between high-level and
low-level controllers

The following tools and libraries are related to and useful for
understanding our topic:

1. Robot Operating System (ROS). This is rather a middleware
consisting of various tools and library, e.g., collision detection and
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Figure 1.1: A water-powered
tower clock developed in 1088

at China. Excerpted from the
history of robots at Wikipedia.

message passing between different modules, that are useful for
robot development, instead of operating system.

2. Open Motion Planning (OMPL) library. It supports various
sampling based planners in simple environments. We can test
different methods and see their different behaviors.

1.1 Path Planning to Point Robots

Many motion planning methods have three orthogonal components:
1) representations of their robots, 2) discretizing the motion planning
space, and 3) a search method for finding a collision-free path from
the start to the goal positions. For simplicity, we consider these parts
in a simple robot setting, a point robot in the two-dimensional space.
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Figure 1.2: In a simple setting,
our goal is to find a collision-
free path connecting the start
and goal, while avoiding colli-
sions against obstacles repre-
sented by polygons.

Simple path planning problem. Suppose that our 2D world is
described by polygons representing obstacles. Given start and goal
positions, our goal is to find a collision-free path that connects the
start and goal (Fig. 1.2). In a narrow passage where we have only
narrow gaps between obstacles, it may be more convenient to slide
through an obstacles to navigate through the narrow passage. In this
case, we can find a path, some of which touches the boundary of
obstacles. This kind of paths are called semi-free path .

Constraints. In the aforementioned simple setting, we considered
only collision-free paths. In practice, there can be many other con-
straints. They can be classified as:

1. Local constraints. At a particular position and orientation of a
robot, there should be no collision between the robot and the
environment. This operation usually requires to access local
information.

2. Global constrains. There are usually multiple paths connecting
the start and goal positions. Among them, we commonly prefer
to have a path with a minimum path length or minimum cost
(e.g., traveling time or fuel). These constraints require to access
non-local information and thus tend to take more computational
time for satisfying them.

3. Differential constraints. In the simple case under the current
discussion, we assumed that we can change position of the 2D
robot in any direction. However, in a more realistic case, suppose
a car driving, we know that it is impossible to change the car
direction instantly. Further, as we have a higher velocity, it is
more difficult to change the direction. Intuitively speaking, this
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observation is related to our common experience that the changing
speed of the car direction is related to the velocity and the length
of the car; more detailed information is given in Sec. 3.1.1. In other
words, this constraint is related to differential unit of velocity over
time.

In this section, we focus on simple constraints such as avoiding
collisions.

Configuration and work space. Many different types of robots exist.
The environment that robots are placed are commonly called work
space or workspace. Depending on shapes and positions of robots,
we can have collisions between the robot and the environment. In
many cases, we would like to find collision-free paths or motions
from the start position to the goal position. Robots can have many
degrees of freedom, i.e., adjusting parameters, e.g., joint angles, of the
robot. Ideally, we would like to know whether we can have collision
given a set of parameters of robots. The workspace is the common Eu-

clidean 3D space that robots are placed
in various environments. On the other
hand, the configuration space repre-
sents various parameters, e.g., joint
angles, specifying a robot.

The concept of configuration space, C-space, has been proposed
to realize such a goal. A configuration point in C-space represents a
robot configuration. For the example of our 2-D point robot, it can
move along X or Y directions. As a result, the C-space of the 2-D
point robot has 2-D space, and it represents X and Y positions of the
robot. Intuitively speaking, once we set a configuration in C-space,
we can place the robot in the workspace and then can know whether
we can have a collision or not against the environment. We study
how to extend this concept to represent different types of robots later
in Sec. 3.

Fig. 1.3 shows examples of work and configuration spaces for a
fixed manipulator with two joints. In this example, the work space is
the 2D Euclidean space where the end-effector of the manipulator is
located. On the other hand, its C-space consists of two angles, q1 and
q2, representing degrees of freedom (DoFs) of those two joints. Once
we set those two angles, we can then know the shape of the robot in
the workspace, and perform collision against the environment.

By using collision detection, we know in what regions of the
C-space we have collisions or not against the environment. Given
the C-space, X = Rd in a d dimensional space, we can define a
configuration-free space, simply C-free space, X f ree, where we do not
have any collisions. The rest of the region, i.e., the complement of
X f ree = X \ X f ree, is the configuration-obstacle space, C-obs, where we
have collisions.
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Mapping from the Workspace to the 
Configuration Space

Workspace Configuration space
Figure 1.3: Work and con-
figuration spaces for a fixed
manipulator with two joints
robot are shown. Shaded re-
gions in the right figure are
in the configuration-obstacle
space where we have colli-
sions between the robot and
environment.

1.2 Discretizing C-Space

Once we sample values in the C-space of the robot, we can know
whether we can have a collision or not at that particular configura-
tion. This sampling approach is useful, but can be insufficient or slow
for computing a collision-free path. In the end, we need a continuous
path avoiding any collision while following the path.

In this context, it requires a representation describing the C-free
space. One of common representations is to use a graph, G = {V, E},
where each vertex of V represents a collision-free configuration and
each edge e = (v, w) ∈ E represents a collision-free segment between
two configurations v and w.
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Visibility Graph

● A visibility graph
● Introduced in the late 60s
● Can produce shortest paths in 2-D
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Figure 1.4: This shows a visi-
bility graph computed in a 2D
environment with obstacles
described by polygons. Two ver-
tices of each vertex can see each
other and thus we can walk
along the edge for a simple 2D
point robot.

The next question is how to compute such a graph? One of at-
tempts for answering this question is visibility graph in a simple set-
ting. Its main idea is that when we can see a vertex w from another
vertex v, we can walk along from the vertex v to w for a 2D simple
point robot. Fig. 1.4 shows a visibility graph in a 2D environment
where obstacles are represented by polygons.

Constructing a visibility graph given
obstacles with O(n) can take O(n3)
time complexity.

For constructing the visibility graph in 2D space, we can think
of an edge consisting of two vertices out of n vertices; thus, there
are O(n2) edges. Given the edge, we can check whether we have a
collision against any edges of obstacles. In a simple 2D setting, we
can assume that there are even n edges representing the obstacles
given n vertices. As a result, given O(n2) edges, we need to perform
collision against O(n) obstacle edges. This results in O(n3) time
complexity, which is prohibitively high in practice. More efficient
algorithms exist, but computing such a graph that discretizes the
C-free space can require prohibitive time, hindering adoption in
practice. This is one of reasons why we have many randomized
planners computing sparse and approximate graphs (Ch. 4) as a
modern approach.
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Dijkstra’s Shortest Path 
Algorithm
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Yellow vertices are in a set with shortest costs
White vertices are in the queue.
Shaded one is chosen for relaxation.
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Figure 1.5: This shows a pro-
cess of computing a shortest
path from the start (s) to nodes
including the goal (g). Yellow
nodes are ones with the short-
est costs, shaded ones are for
relaxation, and white ones are
in the queue.

1.3 Graph Search

Suppose that we have a graph representing the connectivity of the
C-free space. The next step is to find a path connecting from the start
and the goal by utilizing the graph. This can be addressed by various
graph search algorithms. In this part, we discuss two well-known
algorithms: 1) Dijkstra’s shortest path algorithm and 2) A* search
algorithm.

Dijkstra’s shortest path algorithm. This algorithm starts with a
graph, whose each edge is associated with a cost, i.e., a traveling
distance of each edge. It performs two main operations: 1) picking
a node with the smallest cost so far, and 2) performing relaxation
operation from the node. Fig. 1.5 shows an illustration of these two
operations. We first initialize costs associated with nodes; the start
node has zero, and all the other nodes has infinite costs. We put
them into a priority queue that can give a node with the shortest
distance among nodes in the queue. At each iteration, we fetch the
node with the shortest distance. In the first iteration, this gives the
source node. We then relax and see how we can reach other nodes
from the fetched node by accessing its edges. The middle figure in
Fig. 1.5 shows the updated costs after this first relaxation. Note that
we can reach the goal (g) with the cost of 10 at this step. The Dijkstra’s shortest path algorithm

computes the shortest paths by using
the relaxation operation.

We iterate these steps again. We fetch the min node; in this case,
we get the node with the cost of 3. When we relax from the node, we
can reach the goal with the cost of 4, which is smaller than the prior
cost, 10. Based on this relaxation operation, we try to look at other
paths on nodes and can find a better path that can realize shorter
paths.

Overall, this algorithm has been shown to compute the shortest
path, i.e., optimal paths in terms of the sum of costs, thanks to the re-
laxation operation, and it has a time complexity of O(|V| log |V|+ |E|),
where |V| and |E| indicate the cardinality, i.e., the number of ele-
ments in a set, of sets of vertices and edges of the graph, respectively.
While we do not discuss further on its detailed algorithms and proof
on the shortest path computation, it is worthwhile to see its time
complexity.
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A* algorithm. The A* algorithm is one of commonly used planners
for various robots. This approach also can compute the shortest path,
in a faster runtime performance than the Dijkstra’s algorithm. Its
main idea is to use a heuristic function that conservatively estimates
a cost-to-go from the current node to the goal. Note that this ap-
proach uses a heuristic idea, but uses it in a conservative way so that
we can still find the optimal path! The cost-of-go is essentially about
the future and thus can be incorrect. As a result, naively applying
this concept can result in failing to find the shortest path, and thus
we need to apply this concept in a conservatively way. A* algorithms uses heuristic functions

that conservatively estimate the cost-to-
go, which is about the future.

As the heuristic function for the cost-to-go, the Euclidean metric
is used, since it gives the shortest estimate from the current node
to the goal in the Euclidean space. Suppose that we identify a path
with the cost of 10. When we explore a new path, suppose that its
cost-to-come is 5 and its cost-to-go 20, resulting the total, estimated
cost of 25. This total, estimated cost serves as a lower bound for the
actual cost that we can compute by actually accessing that path. Since
this lower bound is even higher than the cost of the current best path,
we can safely skip to access the path further, resulting in a better
performance.

The overall performance of A* algorithms is governed heavily by
the adopted heuristic function. Ideally, a heuristic function that can
tightly estimate the cost-to-go is useful.

More detailed explanation is in Ch. 6.

1.3.1 Common Questions

I think that the concept of the C-Space is very nice. However, it
may take a lot of time to compute free spaces out of the C-Space.
So, in the end, it may be useless. As you pointed out, it takes a lot
of time to compute free spaces out of the C-Space. Actually, it is one
of the most challenging problems to exactly or approximately (with a
bound) construct the free space. As a result, instead of constructing
such spaces, many techniques use C-Space as a conceptual tool
to represent a wide variety of robot and to place the robot at the
environment.


